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BBenenne

Teopuss koneGaHuil OTHOCUTCA K (yHIaMEHTaIbHBIM
HarpaBJIcHUsIM Hayku. CIIyCTs TOApl, OHa COXpaHSET CBOE SO,
CBS3bIBas B €AMHOE LEN0€ AOCTHKECHHSI MATEMATHKH, MEXAHUKU,
TEOPUIO 3JIEKTPOMArHUTHBIX BOJH, ONTHUKM WU JPYIHMX HAy4YHBIX
HaIlpaBJICHU. B COBpEMEHHOM MHpE CTPEMHTENIBHO MEHSIOTCA
MIPUOPUTETHl  MCCIIEIOBAHUM, HAXOMATCSA JIPYTHE CMBICIOBBIE
AKIICHTHl B NTOHMMAHUU SIBICHHN HNEHCTBUTEIHLHOCTH. CTAaHOBATCS
IPYTMMU W TEXHOJOTMM OO0y4yeHHs. Y4YeOHHKM TI0 TeOopuu
KojeOaHUN MpOLUIBIX JIET CIYKaT HE TOJIbKO CBUACTEIHCTBOM
METOJOJIOTUUECKUX IOAXOJOB K €€ TMpENoJaBaHHI, HO H
MO3BOJISIIOT CYIUTh O BESHUAX KYyJIbTYPHOM >KU3HM U YpPOBHS
TEXHUUYECKOIo Mporpecca Ha TOM WJIM MHOM 3Tare 00IeCTBEHHOro
pa3Butus. KonebaHusi HACTONBKO MPHUBBIYHBI B IPEACTABICHUSIX
Halled OJKU3HU, 4YTO MHorue 5¢QeKThl, CBsI3aHHbIE C UX
IPOSIBJICHUSIMU, KaKyTCsl O4eBHIHBIMH. HO TOIBKO Hayka MOKET
JaThb WX YMCIEHHBIE XapaKTEpUCTUKH M IPOCTPAHCTBEHHBIC
¢dopMbI, Tak, 4TOOBl CTaTh OCHOBAaHHEM Ul COBEPLICHCTBOBAHUS
Pa3IMYHBIX KOHCTPYKIIH.

OcraBasicb €MHON B CBOEH CYIIHOCTH, TEOpUs KOJeOaHUMN
UMEET MHOXKECTBO WHTEPIIPETALMM, CBA3aHHBIX HE TOJIBKO CO
cienn(UKoi U3yyaeMbIX OOBEKTOB, HO U C TOYKH 3PEHHUSI OCHOB
IIPENOJaBaHusl, CBOWCTBEHHBIX TEM WM MHBIM S3BIKOBBIM U
COLIMOKYJIbTYPHbIM  TpazuuusaM.  CknajapiBaronieecs  €AUHOE
oOpa3oBaTenbHOE MpOCTpaHCTBO EBpombl u  Bcero  mmpa
MIPEAIONIAraéT OPraHUYHOE COEIUHEHUE Pa3INYHBIX SA3BIKOBBIX U
y3KONPO(PECCHOHATBHBIX KYJIbTYpP, OTHOCALIUXCSA K TOW MU WHOU
chepe  EATENBHOCTH.  Y4YeOHO-HUCCIIEeIOBATENbCKUE — 3a/laHUs
«Ileproanueckue KonebOaHus» OPUEHTUPOBAHBI HA (POPMUPOBAHHE




M.JL Jlypve

OOIIEHAYYHBIX U S3BIKOBBIX KOMIETEHIUH, CKJIaJbIBAIOIINXCSA B
CUCTEME O0YUYEHUS «ILKOJa-BY3».

[IpoGneMbl, paccCMOTpEHHBIE B METOJUYECKOM TOCOOUH,
OpPUEHTUPOBAHBI HA JOCTUKEHUE HABBIKOB S3bIKOBOM MOATOTOBKH B
chepe MaTEeMaTUUYECKOTO MOJEIMPOBAHUS CUCTEM U IPOIECCOB,
OpraHU3aIMI0  CaMOCTOATEIbHOW  Y4eOHO-HMCCIIeIOBATENbCKOM
paboThl  yyamMxcs M CTYJEHTOB  MOJ  PYKOBOJCTBOM
npenoaasaTens. MHTerpamus npeaMETHBIX 3HAHUM COYETAETCS C
JNOCTH)KEHUEM IPEEMCTBEHHOCTH Ha JIOBY30BCKOM M BY30BCKOM
sTanax oopazoBaHUs.

B wumxenepHeix By3ax Poccum Ha CcOBpeMEHHOM JTane
pa3BHBaeTCs JyalbHOe oOpa3oBaHue. OHO OCHOBAaHO HAa HOBOM
MOHUMAaHUM HE TOJBKO O00pa30BaTENbHOIO MPOCTPAHCTBA, HO H
pBIHKa MHTEIJIEKTyaJIbHOTO TpyJa, B KOTOPOM CIOCOOHOCTH
OPUMEHATh CBOM 3HAHHUS K PEAIbHBIM COLUOKYJIbTYPHBIM
yCIIOBUSIM, CTAHOBUTCSA Belylied o001eoOpa3oBaTelbHOW U
npodeccuoHaibHONM KomneTeHIuel. TpeOyercs mMmoHUMAaTh, Kak
OpPUMEHSETCS MaTeMaTUKa, HO HE Ha YPOBHE pELENTYpPHBIX
JeUCTBUH, a B JIOTUKE MaTEeMaTHUYE€CKOT'0 MBIIIJICHUS, TPEOYIOLIEro
yOemUTENIbHOCTH M JOKAa3aTeNbHOCTH  BCEX  MOJAXOJIOB K
MaTeMaTH3allid  €CTECTBEHHOHAyYHbIX U  OOIIETeXHUYECKHX
3HAHUM.

MaremaTtnka Kak $3bIK HAyKM W HMHOCTPAHHBIE SI3BIKH
TpeOYIOT JOCTHXKEHHUSI E€IUHCTBA B OOHAapyKEHHWU CMBICIOB
MIOCTPOCHMS] HAYYHOI'O 3HAHUSA, MPEJCTABICHHOIO B PA3JHYHBIX
00pa3oBaTeNbHBIX TPAAMIMSIX, S3BIKOBBIX (OpMax, COIUATHHO-
HSKOHOMHYECKHUX (popmax ux nmpumeHeHus. [loaTomy BbINOTHEHHE
NPEUIOKEHHBIX  3aJaHuil  TpeOyeT  TBOPYECKOro  MOAX0]a,
OOpaIIeHHOTO HE TOJBKO K JOCTIKEHUSM HayKH, HO M Hay4YHOMH
KYJbTYPBL.
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VYyeOHo-uccnenoBarenbckue  3amganus  «llepuoanueckue
KosieOaHus» TpeOyloT HOBOIO, 0ojiee BBICOKOIO, YPOBHS, KaK B
MOHUMAHWKM KYJbTYpPbl MaTEMaTH4YEeCKOTO MBIIUICHUS, TaK W
JUHTBUCTUYECKUX  OCOOEHHOCTEM  NOCTPOEHMSI  H3y4aeMoro
MaTtepuaa.

B mocoOuu 3HaKOMCTBO ¢ Teopuei KonebaHui coueraercs ¢
JOCTIDKEHUEM CBSI3M €€ OCHOBHBIX TOHSTHH, MPEICTABICHHBIX B
pa3NUYHBIX S3BIKOBBIX KyJbTypax. MHOTHE 3aJaHdus HMEIOT
WHTErpaTUBHBINA XapakTep, OOBeAMHSS B 1EJ0e, Kas3aloch Obl,
Pa3HOPOAHBIC COCTABJSAIOUIME Y4EeOHBIX 3HAHUM, WX EIAUHCTBO
oOHapy»HUBaeTcs B KyJIbType — YHHUBEpPCAIbHOM MEXaHU3Me
OOHApY>XCHUSI HOBBIX CMBICJIOB M IMPOCKTUPOBAHMS HOBBIX HJICH
pazButus Haykd. JlaHHOe mocoOHMe TMpeAcTaBiseT Yy4eOHBIH
MaTepual, OpUeHTUPOBAHHBINA HA BBIMOJIHEHHE HCCIEI0BATENbCKUX
3amaHuii. OHM  CBsI3aHBl C  Pa3BUTHEM  YHHUBEPCAIBHBIX
CIIOCOOHOCTEH COENUHATh CBEIEHUS U3 pa3IMYHBIX HAayK B
[EJIOCTHYIO CHUCTEMY MNPUOJIMKEHHOTO OMUCAaHUs MpeaMeTa WId
SABJICHUS — MAaTeMaTH4YecKyl0 MoJeib. Jlerckue Kauenu W
KoJieOaTeIbHBI KOHTYp MPUEMHUKA, I[OJBECKAa aBTOMOOWIS U
BOJIHBI B ONTHYECKH AKTUBHBIX CpellaX MOJYUHSIOTCA 3aKOHaM,
€IMHCTBO MOHUMAaHMS KOTOPBIX OOHAPYKUBAETCS MAaTEMATUKOM.

Boimonnenue 3ajaHuii  MOXKET  OCYHIECTBISITBCS — TIPH
JOCTHKEHUHU Pa3HOTO YPOBHS KadecTBa IMOJIy4aeMOro pe3yibTaTa,
B 3aBHUCUMOCTH OT Te€X MOJEJNeH, KOTOpbIe HCIONb3YIOTCS s
MPUOTMKEHHOTO OTIMCAHUSI TIPOIIECCOB HIIU K€ SIBJICHHIA.

[IpoGnembl Teopuu KolieOaHUN MPHUCYTCTBYIOT B Kypcax
MaTeMaTUKH, (U3UKH, TEOPETUYECKUX OCHOBAX DIIEKTPOTEXHUKH,
MHOTHUX JIPYTUX OOMICHAYYHBIX U OOMIETEXHUYECKUX AUCIUILTHHAX.
OHU OXBaThIBAIOT IMIMPOYANIINI CIEKTP 3a7ad, BO3HHUKAIOIIMX B
MPAKTHYECKOW JIEATENbHOCTH, M ONPEACISIOT MPOCTPAHCTBO
TBOPYECKUX WHUIIUATHAB, HEOOXOAMMBIX I OTKPBITUS HOBBIX
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TEXHOJIIOTUH W  JOCTIDKEHHS ~ TIIyOMHHOTO  TOHWMAaHUS
JIEUCTBUTEIHLHOCTH.

JlarHOE 1MocoOMe OPUEHTHPOBAHO HA COCPYKAHNE JIOBY30BCKOTO
o0pa3oBaHusI TI0 MaTeMaTuke U ¢usuke ypoas A Level.

1. OcHOBBI TEOpHH KOJICOAHUH B POCCHICKOM
U 3apy0eKHOM JTuTepaType

B cucreme noBy3oBckoro o0Opa3zoBanus yueOHas JUTepaTypa
pa3HooOpa3Ha. Mbl yKkaxeM MyOIuKalMi HEKOTOPBIX POCCHUMCKUX
U 3apyOeXHBIX aBTOpoB. bojee Toro, B psaae myOnuKanuii
MpEACTaBIeHbl  HAIlM  COOTEYECTBEHHUKH, KOTOpbIE  CTalld
KJIACCUKAaMHU B JJAHHOM Hayke 3a pyOexoM.

PaccMoTpuM Ha aHTIMKACKOM SI3bIKE MHTEPIPETALUIO JTaHHON
IpOoOJIeMbI
Simple harmonic motion

Any motion, which satisfies a differential equation of the form,
X:—a)zx, where « is constant, is described as simple harmonic
motion or S.H.M.

For a particle moving in a straight line, the variable x is the
displacement of the particle from a fixed point on the line.
However, x may also be a displacement measured along a curved
path. In the case of circular motion or the rotation of a rigid body x
could represent an angle.

P

To!

0 - )
acceleration @ x

The diagram shows a particle P executing simple harmonic
motion along a straight line. If x is the displacement of P from a

fixed point 0 and % =-w’x, then the magnitude of the acceleration

7
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of P is a constant multiple of the distance OP. Since when
x>0,%<0 and when x<0,%>0, the acceleration is always
directed towards 0. This leads to an alternative definition of simple
harmonic motion.

When a particle moves in a straight line with acceleration always
directed towards a fixed point of the line and proportional to its
distance from that point, the particle is said to be executing simple
harmonic motion.

2
The differential equation %=-w?x, i.e. %:—wzx. In this
case the method of solution can be simplified by expressing the
acceleration of the particle in the form v dv/dx, where v is the
velocity at time t, to give:
dv 5
V—=—-0"X;

dt
I2vdv = —I 20°xdx;
V2 =—w’Xx% +c.
If v=0 when x = a, we find that

v =w2(a2—x2)_ (1)
The general solution will be:
x=asin(awt+¢) (2)
or the equivalent form:
X = Acosat +Bsinat . (3)

From equations (1) and (2) we deduce that the particle is
oscillating between points A and A', which lie on opposite sides of 0
at a distance a from 0. The point O is called the centre or central
point of the oscillation and a is the amplitude.




X=-a x=0 X=a
v=_0 vV =*twma v=_0
A’:_» 6 «_:A
a)2X X=0 a)2X

From equation (1) we see that the particle is*momentarily at
rest when it reaches A or A', and achieves its maximum speed wa
when passing through 0.

Since X = Acos et + Bsin et
and v =—Asin at + Bcos at
when ot is increased to «t+27 the same values of x and v are
obtained. This means that at times t and t+2z/@ the particle
passes through the same point with the same velocity. Hence 27/ w
is the time taken to perform a complete oscillation and is called the
period of the motion. In particular, 27/ is the time taken by the
particle to move from A to A" and back again to A.

The frequency, i.e. the number of complete oscillations per
unit time, is 27/ @. Summarizing the properties of S.H.M. we have:

X = —wm°X
V2 = (a2 —xz), where a is the amplitude,
x=asin(wt+¢), or

X = Acos ot + Bsin at
T =2x/w, where T is the period of oscillations.

When solving problems involving S.H.M. standard formulae may be
quoted without proof. It is usually best to begin be determining a
and o.

Example 1 A particle is performing simple harmonic oscillations
between points A and A" which are 6 m apart. When the particle is

9
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at a distance /5 m from the midpoint 0 of A A" its speed is 10 ms™*.
Find (a) the period of the motion, (b) the maximum speed of the
particle, (c) its maximum acceleration.

Let the equation of motion of the particle be

X =—w’X

then v2 = »? (az —xz)

where x m is the displacement of the particle from O, v ms™ is its
speed and a m is the amplitude of the motion.

But AA' = 6m = 2a m which gives a = 3

V2 :a)2<a2 —x2)

Since v = 10 when x=+/5, 100=»*(9-5), @=5

(@)  The period of the motion 2z seconds =2?” seconds.
w

(b)  The speed of the particle is greatest when x = 0

the maximum speed = wa ms™ =15ms™.
(c)  The acceleration of the particle is greatest when the

magnitude of »?x is greatest,

the maximum acceleration = w”a ms? = 75ms

In S.H.M. problems involving time we need to find suitable
expressions for x and v in terms of t. The forms of these expressions
depend on the starting point chosen for the motion. One way of
approaching such problems is to write:
X = Acosat + Bsin at
v =—Asin at + Bcos at
then to use any given conditions to determine A and B. We first
apply this method to two important special cases.
Case I: x=awhent=0.
Substituting in (3): a=A

10
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Sincev=0whenx=a, from (4): B=0

Xx=awhent=0 = x=acosat

Casell: x=0,v>0whent=0.
Substituting in (3): 0 =A
Xx=Bsinat
Since the amplitude of the motion isaand v >0 whent =0, we
must have B = a.

x=0,v>0 when t=0 = x =asinawt

Example 2 A particle moving in a straight line performs simple
harmonic oscillations about a point 0 with amplitude 2 m and

maximum speed 1ms™. If P and Q are the two points on the line

which lie at a distance 2 m from 0, find the time taken by the
particle to move directly from P to Q.

Let the equation of motion be % =—w?x, then, assuming that x = a
whent=0, x=acosawt.
Since the amplitude of the motionis2m, a = 2.

The maximum speed of the particle = wa ms* =1ms™
o=1
2
1
Thus x=2cos=t.
2
Let P and Q be the points at which x=+/2 and x=—2 respectively.
Forx=+/2: \/§=2cos%t

. 1 1
.. COS—t=—=
2

V2

the particle first passes through P when %t =% I.e. when tzg.

11
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For x=—/2: —\/§=2cos%t
e coslt——i
L. 5 5

3. 3T

the particle first passes through Q when %t = i.e.when t = >

Hence the particle moves directly from P to Q in a time of ~ seconds.

Example 3 A particle is performing simple harmonic motion about a

point O with amplitude 5 m and period % seconds. If P is the point at

which the speed of the particle is 10 ms™, find the time taken by the
particle to move directly from O to P.
Let the equation of motion of the particle be %x=-w?x, and let
X =asin et , SO that the particle is at 0 when t = 0.
Since the amplitude of the motion is5m, a = 5.
The period of oscillation = 2—”3 = %s , 0=4
w
Thus x =5sin4t and v =20cos4t
Substituting v = 10: 10 =20cos 4t

cos4t =E
2
the particle first passes through P when 4t:%. Hence the particle

moves directly from O to P in a time of % seconds.

12
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Example 4. A particle moves on a straight line ‘
through a fixed point O so that at time t seconds its |
displacement from O is x metres and its equation of |
motion is x=-9x. Given that x = 5 and x=6 when l

t =%, find the position and speed of the particle when B N A
{ o 2 e AT
< S— oF

The general solution of the equation of motion is
X = Acos3t + Bsin3t
X =—3Asin3t +3Bcos 3t r;:

Since x =5and x=6 when tzg,

5= ACOSlﬂ'+ Bsinlﬁ NN
2 2
i.e. 5=B :
and —6 = —3Asin %+3 Bcos %
le. 6=-3A AT A
A=2 and B=5 a
Thus x =2cos3t +5sin3t ‘i
X = —6ssin 3t +15c0s 3t A | F
o _ X AT
when t=— x=2cos27z+5sin27z =2 Y
3 R ¢ X
and x=-6sin2 7 +15c0s2 745
i.e. the particle is 2 m from 0 moving at 15 ms™. \
Exercise

1 A particle moves in a straight line with simple harmonic motion of
amplitude 2.5 m. If the period of oscillation is 7 seconds, find the

13
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maximum speed of the particle and its maximum acceleration.
2. A particle moves in a straight line with simple harmonic motion
about the point 0 as centre. The maximum speed of the particle is 6

ms™ and its maximum acceleration is

3. 18 ms?. Find (a) the amplitude of the motion, (b) the period of the
motion, (c) the speed of the particle when it is 1 m from 0.

4. A particle of mass 3 kg moves in a straight line with simple
harmonic motion between two points A and A" which are 15 m apart.
Given that when the particle is at a distance of 3 m from A its speed is 2

ms™, find the period of the motion. Find also the greatest force exerted
on the particle during the motion.

5. A mass of 10 kg moves with simple harmonic motion. When it is 2 m
from the centre of the oscillation, the velocity and acceleration of the

body are 12 ms™ and 162 ms? respectively. Calculate (i) the number
of oscillations per minute; (ii) the amplitude of the motion; (iii) the
force being applied to the body when it is at the extremities of its
motion.

6. A particle P moves in a straight line so that its acceleration is
always directed towards a point 0 in its path and is of magnitude
proportional to the distance OP. When P is at the point A, where OA =

1 m, its speed is 3v/3 m/s and when P is at the point B, where OB = /3
m, its speed is 3 m/s. Calculate the maximum speed attained by P and

the maximum value of OP. Show that P takes % seconds to move

directly from A to B. Find, in m/s correct to 2 significant figures, the speed
of P one second after it passes 0.

7. A particle, A, is performing simple harmonic oscillations about a
point O with amplitude 2 m and period 12~ s. Find the least time from
the instant when A passes through O until the instant when (i) its
displacement is 1 m, (ii) its velocity is half that at O, (iii) its kinetic

14
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energy is half that at 0.

8. A particle P is describing simple harmonic motion in the horizontal
line ADCB, where AD = DC = 1/2CB. The speed of P as it passes
through C is 5 m/s and P is instantaneously at rest at A and B. Given
that P performs 3 complete oscillations per second, calculate (i) the
distance AB, (ii) the speed of P as it passes through D, (iii) the distance of
P from C at an instant when the acceleration of P is 187 m/s, (iv) the
time taken by P to go directly from D to A.

9. A particle P moves in a straight line with simple harmonic motion of
period 2 seconds and maximum speed 4 m/s. Find the speed of P when
it is at the point A which is 2/ metres from 0, the centre of the path.
Find also the time taken by P to move directly from 0 to A. When P is
passing through O it strikes and adheres to a stationary particle which
is free to move. If each particle is of mass 2 kg, find the kinetic energy
lost in the collision.

10. A particle moves in a straight line so that at time t its
displacement from a fixed point on the line is x and its equation of
motion is X =-4x. Given that x = 3 and x=-6 when t=7/4, find (a)
x in terms of t, (b) the values of x and x when t=3z/4, (c) the least
positive value of t for which x=0.

11. A particle moves in a straight line so that at time t its displacement
from a fixed point on the line is x and its equation of motion is
% =—16x. Given that x = 3 and X = 4+/3 when t = 0, find (@) x in terms
of t, (b) the least positive value of t for which x=0, (c) the amplitude
of the oscillation.

12. A particle P moves round a circle, diameter AB, with constant
angular speed o . A second particle Q moves along AB so that PQ is
always perpendicular to AB, i.e. Q is the projection of P on AB. Show
that the motion of Q is simple harmonic.

15
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Forces producing simple harmonic motion
To show that a given set of forces acting on a particle produce
simple harmonic motion we must prove that the equation of motion of

the particle can be expressed in the form X = —@?x.

Since the tension in an elastic string is proportional to the
extension in the string, it may be possible for a particle attached to an
elastic string or a spring to perform simple harmonic motion.

Let us suppose that a light elastic string of natural length |
and modulus of elasticity A has one end fastened to a fixed point 0.
A particle of mass m is attached to the other end. Let e be the
extension in the string and T, the tension when the particle hangs

in equilibrium at the point E.

By Hooke’s law, T, = ?

Since the particle is in equilibrium,

To—mg=0

Ae

7

Consider now the forces on the particle when its displacement from

E is x vertically downwards.

By Hooke's law, T :M

where T is the tension in the string. Applying Newton's second law

vertically downwards:

mg —T =mX

e A(x+e)

1
AX

=

= mX

mX.

16
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Hence the equation of motion of the particle is X‘:—’I—T. Since this
m

equation is of the form % =-w’x, where o= ‘/% , the particle can

perform simple harmonic motion with centre E and period 2z /%m :

The amplitude a of the motion is the maximum distance below E
reached by the particle.

Provided that a < e the string will remain taut throughout
the motion and complete simple harmonic oscillations will be
possible. However, if a > e the particle will perform simple
harmonic motion when it is below A, but move freely under gravity
when the string becomes slack.

[Note that in the case of a particle suspended from a spring of
natural length I, complete S.H.M. involving both extension and
compression of the spring is theoretically possible when a > e.]

N N

Example 1 A light elastic string of natural length |

and modulus mg has one end fastened to a fixed point

0. The other end of the string is attached to a
particle of mass m which hangs in equilibrium at a ol
point E. Find the distance OE. The particle is now
pulled down to a point A at a distance 51/2 vertically
below 0. If at time t = 0 the particle is released from
rest at A, show that the subsequent motion is __
simple harmonic and find the speed of the particle X
as it passes through E. Find also the time at which Y
the particle first passes through the point B which

lies at a distance 71/4 vertically below 0.
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When the particle is at E let the tension in the string be T,
and the extension e.
mg xe

By Hooke's law: T, =

But since the particle is in equilibrium, T, =mg

mgxe
=

e=1.

Hence OE =1 + e = 21.

Let T be the tension in the string when the displacement of the

particle from E is x vertically downwards.

mg(x+|).

mg

By Hooke's law: T =

Applying Newton's second law vertically downwards: mg—-T =mx
mg (x+1)
I

Xz—gx

I
Since this equation is of the form %=-w?x, where o=./g/l, the
particle performs simple harmonic motion with centre E.
The speed v of the particle is given by the formula v? = o? (a2 - xz).

mg =mX

When the particle is at A, x =%I andv=0

18
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when x =0, v? =9><1I2 =g—|.

| 4 4
. . .1
Hence as the particle passes through E its speed is ?/gl :

Since x=%| andv=0whent=0,
x=%lcoswt,vvhere w=4g/l.
When x=—ll, —llzllcoswt
4 4 2
. 1
l.e. cosat =—=
2

the particle first passes through B when ot = 2?”

I.e. when t=2?ﬂ l.

g
We include the following example as a reminder that many
problems involving particles attached to elastic strings can be solved
using energy considerations rather than the theory of simple
harmonic motion.

Example 2 An elastic string of natural length / and modulus 4mg has
one end fastened to a fixed point 0. The other end of the string is attached
to a particle of mass m. If the particle is released from rest at O, find the
distance it falls before coming instantaneously to rest at a point A.

Let x be the extension in the string when the particle reaches A.
The kinetic energy of the particle is zero when it is released from 0 and
when it comes to rest at A.

19
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Since OA=I+x, the loss in gravitational potential energy is mg(l +
X). The energy stored in the elastic string as it is stretched to the
length (1+x) is 4mgx’/2l i.e. 2mgx’/l.

Thus, using the principle of conservation of mechanical energy,

2mgx?

I =mg (I +Xx)
2x* =1(1+x)
2x2 —Ix=12=0
(x=1)(2x+1)=0.

Since x > 0, we must have x = 1.
Hence the particle falls a distance 2| before coming to rest.
In the next example we consider oscillations in a horizontal plane.

Example 3 A particle P of mass m lies on a smooth horizontal table
and is attached to two fixed points A, B on the table by two elastic
strings each of natural length /. The strings AP, PB have module 2mg
and mg respectively and AB = 5l. If E is the equilibrium position of the
particle, find AE. Given that the particle is released from rest at the
point C on AB such that AC = I, show that it performs simple harmonic
motion, stating the period and the amplitude of the oscillations.

I+e >P< 4]-e
@
E

-

—_—

A B

T T
Let T be the tension in both strings when the particle is in
equilibrium at E.

If AE = | + e, then the extensions in the strings AP and PB are e
and 3l — e respectively.

20



M.JL Jlypve

By Hooke's law for AP:T = 2mge
3l -

By Hooke's law for BP: T :M
2mge mg (3l —e)

I I
2e=3l-e
e=l.
Hence AE=1+¢e =2I.

E<e X >
C T, P T, D
A i < ® > B
- | =l | =< o —le— | —

Suppose now that the displacement of the particle P from E

is X, as shown in the diagram.

Assuming that both strings are taut, i.e. that P lies between the
points C and D, the extension in AP is (I + x) and the extension in

PB is (21 — x).

Let T, and Tg be the tensions in the strings AP and PB respectively,

then applying Hooke's law,
_2mg(l+x) T _ mg (21 +X)

T :
A | B |

Using Newton's second law in the direction AB,

Tg =T, =mX
mg (21 +x) ~ 2mg (1+x)

I I
— 3m|gx = mX

=mX

21
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X‘=—3—gx.

I
Thus the equation of motion of the particle is of the form

X =—w’x, where w=./3g/1. Hence when both strings are taut the
particle performs simple harmonic motion with centre E and period

27 L
\}39

Since the particle starts from rest at C, where CE = |, the
amplitude of the simple harmonic motion is I.

The diagram shows that complete oscillations of this
amplitude are possible with both strings taut. Thus when the
particle is released at C it performs simple harmonic motion of

period Zn\/g and amplitude I.

These examples illustrate the fact that in simple harmonic
motion the centre of oscillation is an equilibrium position. If a
displacement x from this equilibrium position is considered, then

the equation of motion is obtained in the standard form % = —-w?x.
However, if a displacement from a point which is not an
equilibrium position is used, then the simple harmonic motion

equation takes the more general form X+ @*x = constant

Finally, we show that the motion of a simple pendulum is
approximately simple harmonic. A simple pendulum consists of a
particle, known as the "bob", suspended from a fixed point by a
light inextensible string. When the particle swings in a vertical plane
with the string taut, the bob moves along a circular arc.
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2
\ r T
dv
\/

dt

<

If a particle moves in a circle with variable speed v, then the
acceleration of the particle has components v?/r towards the centre
of the circle and dv/dt in the direction of motion. These results can
now be used to find the equation of motion of a simple pendulum.

Velocity
10 16°
/ 10

Accelerations

Let the bob of the pendulum be a particle P of mass m and
let the length of the string be I. At the instant when the string makes
an angle 6 with the downward vertical, P is moving perpendicular
to the string with velocity 16. Hence the acceleration of P has
components 16? and 16 along and perpendicular to the string.
Applying Newton's second law perpendicular to the string,
mgsind =-mlé
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Hence 6 = —%sin 0.

However, if 8 issmall, sing~@.
O~ —% 0.
Thus small oscillations of a simple pendulum are approximately

simple harmonic. The period of complete oscillations is er\/g

A pendulum which beats seconds is called a seconds pendulum.
Such a pendulum swings through its equilibrium position once every
second and therefore each complete oscillation takes 2 seconds. Hence

the length of a seconds pendulum is found by writing: 272'\/;; =2.

Exercise
1 Anparticle of mass m is attached to one end of a light elastic string of

length a and modulus gmg . The other end of the string is attached to

a fixed point 0 and the particle hangs in equilibrium under gravity at
the point E. Find the distance OE. If the particle is a further distance x
below E show that the resultant force acting on the particle is
proportional to x. The particle is pulled down to the point at a distance
a below E and released from rest. Show that, in the subsequent motion
and while the string is taut, the particle executes Simple Harmonic
Motion and that its distance below E at time t after being released is

1/2
acos {(3—gj t} .
2a

2. A light elastic string of natural length | has one end fastened to a
fixed point 0. The other end of the string is attached to a particle of
mass m. When the particle hangs in equilibrium the length of the

24



M.JL Jlypve

string is %I. The particle is displaced from equilibrium so that it

moves vertically with the string taut. Show that the motion is simple

harmonic with period 7z,/(31/9).

At time t = 0 the particle is released from rest at a point A at a
distance gl vertically below 0. Find (i) the depth below O of the

lowest point L of the motion, (ii) the time taken to move from A to L, (iii)
the depth below O of the particle at time t = %72 \/%T :

3 A particle of mass m is attached to one end of a light elastic
string of natural length and modulus 2mg. The other end of the string
is fixed at a point A. The particle rests on a support B vertically
below A, with AB = 5I/4. Find the tension in the string and the
reaction exerted on the particle by the support B. The support B is
suddenly removed. Show that the particle will execute simple harmonic
motion and find (i) the depth below A of the centre of oscillation, (ii) the
period of the motion.

4. A light elastic spring AB of natural length | has the end A attached
to a fixed point and hangs vertically under gravity with a particle of
mass m attached at B. The system is set in motion and performs small
vertical oscillations. Show that the motion is simple harmonic. The
particle of mass m at B is replaced by a particle of mass am, and it
Is found that the period of oscillation is doubled. Find the value of « .
5. One end of an elastic string of modulus mg and natural length a is
attached to a fixed point 0. To the other end A are attached two
particles P and Q, P having mass 2m and Q having mass m. The
particles hang down in equilibrium under gravity. If Q falls off, show
that P subsequently performs simple harmonic motion and state the
period and amplitude of this motion. If on the other hand P falls off,
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find the distance from 0 of the highest point reached by Q.)

6. An elastic string of natural length 2a and modulus A has its
ends attached to two points A, B on a smooth horizontal table. The
distance AB is 4a and C is the midpoint of AB. A particle of mass m
is attached to the mid-point of the string. The particle is released
from rest at D, the mid-point of CB. Denoting by x the displacement
of the particle from C, show that the equation of motion of the

2
particle is %+i—’;x =0. Find the maximum speed of the particle

and show that the time taken for the particle to move from D

1/2
directly to the mid-point of CD is%(%) :

7. A particle P of mass m is attached by two light elastic strings to
two fixed points A and Bona smooth horizontal table. Each string is
of natural length/ and AB = 4l. If the strings AP and PB have
moduli of elasticity A and 3A respectively, find the length of AP
when the particle is in equilibrium. If the particle is given a small
displacement from the equilibrium position along the line AB, show
that while both strings are taut the particle executes simple
harmonic motion. Find the period of the oscillations. Given that the
string PB just becomes slack in the ensuing motion, find the
maximum speed of the particle.

8. Two fixed points A and B on a smooth horizontal table are at a
distance 5l apart. A particle of mass m lies between A and B. It is
attached to A by means of a light elastic string of modulus mg and
natural length / and to B by means of a light elastic string of
modulus 2mg and natural length 21. If O is the point at which the
particle would rest in equilibrium, find the distance OA. The
particle is projected towards O from the mid-point of AB with speed
u. Show that while both strings remain taut the particle performs
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simple harmonic motion. Find the period and the amplitude of this
motion. Show that the particle will perform complete simple
harmonic oscillations if 2u® <3g| .

9. A particle of mass m moving on a smooth horizontal plane is
attached to a point 0 of the plane by an elastic string of natural length |
and modulus X. Initially the particle is at the point A which lies at a
distance | from 0 and is moving away from O at speed u. If the
particle first comes to rest at the point B, use energy considerations
to find the distance AB. Show that when the particle is moving in

the line AB its equation of motion is of the form % =-w?x, where x
is its displacement from A. Find the time taken by the particle to
move directly from A to B. Find also the further time which elapses
before the particle next comes to rest.
10.A particle of mass m is attached to two elastic strings each of
natural length a. The first string has modulus 3mg and its other end
is attached to a fixed point A. The second string has modulus 6mg
and its other end is attached to a fixed point B which is at a
distance 3a vertically below A. Show that the particle can rest in
equilibrium at a point 0 between A and B with both strings taut.
Find the distance y of O from A. The particle is in motion in the line
AB with both strings taut. At time t, the particle is at P where OP =
2
X. Prove that d—;(z—g—gx.
dt a

The particle is projected vertically upwards from the point at
a distance 2a below A with speed u. Find the maximum value of u
for which the upper string does not become slack in the subsequent
motion. For this maximum value of u find the time taken for the
particle to travel from O to its highest point.)
11.Find, to the nearest millimeter, the length of a seconds
pendulum, (a) at Greenwich, where g~9,81, (b) at the equator,
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where ¢g~9,78, (c) at the North Pole, where g=~9,83, (d) on the
surface of the moon, where g ~1,62.

12.A musician wishes to use a simple pendulum as a makeshift
metronome. Regarding a complete oscillation as two "beats", find,
to the nearest centimetre, the length of pendulum required to
produce (a) 50 beats per minute, (b) 80 beats per minute, (c) 100

beats per minute, (d) 160 beats per minute. [Take g as 9.8ms™.]
3ananus

1. Boidenume ocnoenvle nonamus meopuu Konedanuil,
pacuiupaiowue uzgecmuvie Bam ceedenusn uz Kypcoe mamemamuxu
u uzuxu.

2. Bvlioenume 6 amnenoasviunom mexcme Kiwuegvle C06d,
XapaxkmepHule 0151 meopuu Koja1eoanuil.

3. Kakue paznuuusa ¢ cmpykmype OanHbIX Kypcog bl
oonapyscunu?

4. Pewuume 3adanus, npeocmasieHHvle 6 aAHZ10A3bIYHOM
meKcme, u npeocmaebme peuieHue Ha AH2IUICKOM A3bIKe.

5. [lononnume cnucok 3a0anuii aH2N0A3BIYHOZ0 HMIEKCma
COOCMBEHHBIMU 3A0aUaMU, OMPANCAIOUWUMU COOEPHCAHUE MeKCma.
Ilpeocmaevme ux ghopmynuposKy u peuienue Ha AHTUICKOM A3bIKE.

OO0uue cBeleHUA U3 TEOPUHU KOJIeOaHUIt

Hamm  cooreuectBeHHMku A.A. AuapoHoB A.A. Butr wu
C.D. XaiiKiH B CBOE BpeMs CO3ATH KypC U ero aBTOPCKHil IepeBOj
Ha aAHIJIMUCKUHI 513511(2, KOTOpbIE M IO CEH JIeHb CYMTAKTCA
KJIACCHYECKMMH B TeopuH Konebanuii. Ha uX ocHOBe co3maHo

! AnpponoB A.A., Burr A.A., Xaiikua C.D. Teopus xonebanuii. — M.: ®@m3marras,
1959, (M.: Hayka, 1981).

2 Andronov A.A., Chaikin C.E. Theory of oscillation. New Jersey. Princeton: Princeton
university press. 1949, 381p.
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MHOECTBO CaMBIX Pa3HOOOPA3HBIX yUEOHUKOB.

s BBINIOJIHCHMS HCCIICIOBATEIILCKUX 3aJaHUH,
MIPEJICTABJICHHBIX B IJIaBe 2, U3YYUTE MEPBYIO IJIaBYy ATOr0 yuyeOHHKA
Ha PyCCKOM M aHTJIMHCKOM si3bIkax (cTp. 35-94).

3ananus

1. fononnume pycckosazviunwlii (AaH210A3bIYHBLIL) MEKCM
HeKomopvimu  Odemanamu, akmamu, uHpopmayuen o0
coovimuax U  AGNEHUAX, OMHOCAWUXCA K  PA3GUMUIO
mexnuuecxkozo npozpecca ¢ Poccuu (Eeponwl), 603nuxkuiezo noo
6IUAHUEM MeopUU Ko1eOanuil.

2. Ykascume, Kaxkue mamemamuueckue u pusuueckue
uoeu ucnonb3yom agmopsvl 8 nocmpoenuu Kypca?

3. Kakue mamemamuueckue u puzuueckue abcmpaxuyuu
npucymcmeyrwm ¢ meopuu KoJiedanuii?

4. Cocmasvme 2noccapuii  Kuio4eevlX mMePMUHO8 U
NOHAMUI NO Meopuu KoJaeOaHui Ha pycCKOM U QH2IUICKOM
A3bIKAX.

5. Cocmasvme aHHOmMayuu K DPYCCKOA3bIYHOMY
(an2n10A3b14HOMY) MEKCMY HA AH2AUICKOM (PYCCKOM) A3bIKe.

Teopus koJiedaHUii: HCTOPHUS U COBPEMEHHOCTD

B nawane XX Beka, Kak M B HACTOSIIEE BpeMs, TEOPHUs
KojeOaHWi HAXOAWTCS B IIEHTPE BHUMAHUS YYCHBIX U
crienanucToB. @parMeHThl K1accuyeckoro yaeonnka R.D. Bangay
The oscillation value', usgammoro B 1919 romy B KpymHEHIIHX
MHPOBBIX LIEHTPAaX HAYKU U TEXHUKHU TOI'O BPEMEHU, MPEACTABIISIOT
co0oil Hacneare HAyYHBIX KYJbTYp U MPOOJIEM Pa3BUTHS TEXHUKU
koHIa XIX — gaugama XX Beka.

! Bangay R.D. The oscillation value. London: The wireless press, LTD. 1919. 215p.
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3ananue

Ilepeseoume 2nagy | na pycckuii A3viK u yKaxcume, KaKue
ycoeepuieHcmeoeanus noOyYUIU  yKaA3aHHvle 6  Hell
KOHCmpYKyuu.

CoBpeMeHHBIE TPEACTaBICHUA O TEOpUM KoJiebaHuM
oTpaxkeHbl B yueOHOM nocobun A.A. Sl6nonckoro u C. Hopeiiko
«Kypc Teopuun konebGanmiin'. B 9ToH KHHTe 0C060C BHHMAHHE
yAensieTcss ~ mpoOsieMe  MaTeMaTH4YeCKOro  MOJCIMPOBAHHS
KoJeOaTeNbHBIX CUCTEM. B aHHOTaIMM K Kypcy OTMEUaeTcs, 4To B
yaeOHOe nocoowue «BKJIIOUCHA TJIaBa, MTOCBSIIIICHHAS
JJIEKTPOMEXAaHUYECKUM  aQHAJOTHUAM W HMX TNPUMEHEHUIO K
HCCIIeIOBAaHUIO KOJeOaHHM, B KOTOPOM PacCMOTPEHO MOCTPOCHUE
ANEKTPUYECKUX MOJIENeH — aHaJOrOB MEXaHUYECKHX CHCTEM.
PaccmoTpeHnbl  mpUHLMOBL  3JIEKTPUYECKOTO  MOJAEIMPOBAHUSA
MEXaHHYECKHX CHCTEM»’. B OraBleHHH OOO3HAYCHBI TE Ke
npoOJIeMbl, UTO U B PEIbIAYIINX KypcaxX, OAHAKO MAaTEMAaTHYECKOe
MOJICIMPOBAaHUE KOJeOaTeIbHBIX CHUCTEM JaeT BO3MOXKHOCTh
aKTUBHO  HCMOJb30BaTh MHGOPMALMOHHBIE  TEXHOJOTHH U
aHAJIOTOBBIE CHUCTEMBI, KOTOpbIE MO3BOJSIOT HE TOJIBKO TIIyOke
MOHSTh TEOPETUYECKHE OCHOBBI KOJeOaTeIbHBIX MPOIECCOB, HO U
OLLYTUTb UX CBS3b C MPAKTUKOM.

3aganue

Ilepesedoume ozcnagnenue KHU2U HA AHAUNCKUIL A3bIK U
cocmaspme nO MeKCMy YueOH020 Nocodus aHHOMAuuu
K enaeam 1, 2, 3.

1 Sl6nonckmii A.A., Hopetixo C. Kypc teopnu xonedanwmit. CI16: BHV-CII6. 2007. 336 c.
2 Pexxum mocryma: http://mww.books.ru/shop/books/527823
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MHuorue pOCCHfICKHC YYCHLBIC U IIE€Aaroru OpraHnviHoO BOIIIIN
B HCCICOAOBATCIBCKHUE KOJIJIICKTUBBI EBpOHLI U CTallkn BCAYUIUMHU
cruenuaianucraMmu 10 Ba)KHECHIITUM HaIrpaBJICHUAM pasBUTHUA
MaTEMaTHKHU.

3ananus

1. Cmpyxkmypa knuzu “Frequency methods in oscillation
theory”l no360.11em noOJayuums npeocmagieHue 0 CO8PEMEeHHOM
Kypce no meopuu xoneoanuil. Ilepesedume ee oznaenenue Ha
PYCCKUll  A3blK, Hauoume Opyue y4yeOHble Mmamepuaivl 6
POCCUIICKOUI Tumepamype no OAGHHOU npodieme u cocmagbme
AHHOMAYUUIO IMUX KYPCOB 0J1 AH2N0AZLIYHOZ0 YUMAmei.

2. Cocmasbme ucmopuio pazgumus meopuu Kojaeoanui 6
Poccuu na anznuiickom sazvike; ¢ Eepone na pyccxom azvixe.

3. Kaxkue naubonee 3nauumvle coOblmus 6 pazeumuu
od0wecmea, HAYKU U MEXHUKU NPOUCXOOUIU 6 Nepuoo
cmanoenenus meopuu konaeoanuit 6 FEepone u Poccuu?
Aopecyiime OaHHbBLIl 0030p PYCCKOAZLIYHOMY (AH210A3BIYHOMY)
yumamenio.

HexoTopble cBeeHUSI M3 TEOPUM BBIHYKIEHHBIX
KOJIe0aHu

Muorue 3(dekTs, BO3HHKAWIIHE B KOJIeOATETbHBIX
CUCTeMaxX, Ka3aJluCh HEOOBSACHUMBIMH, a HHOTJA, JIaXKe
MUCTHUYECKUMU. Hampumep, sBiIeHHe pe3oHaHca. B HEKOTOpBIX
CUTYyallUsIX MEXaHWYECKHE CHUCTEMbl HauyWHaJIM HCKIIOYUTEIHHO
BUOPHPOBATH U pa3pymiarhcs. Teopus koneGaHui, OCHOBaHHAs Ha
n3ydeHnn audQepeHnnanbHbIX YpaBHEHUH, 1aeT OOBbsSCHEHUS

! G.A. Leonov, I.M. Burkin, A.l. Shepeljavyi, Frequency Methods in Oscillation
Theory, Kluwer Academic Publishers, 1996.
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MHOTUM fIBJICHUAM. BoOT mnoueMy camocCTOSATEIbHOE 3HAuY€HUE
MOJIy4nsia IpobsieMa N3y4eHHsI BBIHYKIEHHBIX KOJICOAHMI.

JInsg  BBINIOJHEHUS  KOMIUIEKCHOM  MCCJIEIOBATENIbCKOM
paboThl, MPEACTaBICHHON B CJIEAYIOUIEH IJIaBe, U3YYUTE B TEKCTE
yueOHoro mocobusi S.I'. [lanoBko «BBenenue B  Teopuio
KoneGanminy - maparpadsi 3 u 5.

2. MaTremaTn4yeckue MOe/IH M3y4eHHs BbIHYKICHHBIX
KO0J1Ie0aHUH JHMHEHHOH CHCTEMBbI ¢ OJJHOH CTENEeHbI0 CBO0O/IbI
1o/ AeliCTBHEM MEePHOANYECKON BO3MYIIAIOIIEH CHJIbI

2.1. Ynuegepcanvnocms meopuu ougghepenyuanbnvlx ypasHeHuil
K ORUCAHUIO PA3IUYHBIX KOIeOAMEIbHbIX CUCEM

Paccmotpum pazsutre uaen MareMaTuaecKoro MOACIMPOBAHMS
Ha TIpUMEpe IIOCTAHOBKHM 3374l O KOJICOAHUSAX OJTHOMACCOBOM
CHUCTEMBbl TII0Jl BO3JCUCTBUEM MEPUOJUYECKOM BHEIIHEW CHJIBL
Huddepennpanbapie ypaBHEHUS — 3TO yIUBHUTEIBHBIT MUpP CaMbIX
pa3HOOOpa3HbIX npo0Iiem, BOJTHYIOIIIMX YeJIOBEUECTBO,
NPOJIOJDKAIOMIMN M ceddac YIUBISATb HAC CBOMMU OTKPBITHAMHU.
VYHUBepcalbHOE 3HAYEHUE STOM TEOPHM OIPEAENSIeTCs IIMPOTOH, a
MOPO ¥ HEOXKUJAHHOCTHIO MHTEPIIPETALMH €€ TIOHSITUI B peabHOM
KU3HA. OTO Hayka, MOpaKalollas HAYMHAIOIIETO HCCIeI0oBaTeIs
MIPOCTOTON MTOCTAHOBKH M, BMECTE C TEM, HEPEIIEHHOCThIO HEKOTOPBIX
CBOUX 3a/1a4. Bbl, KOHEUHO, 3HaeTe, YTo KBaJpaTHOE YpaBHEHUE

ax’ +bx+c=0

JIETKO peliaeTcss mpH JFOOBIX 3HaueHus X kodduipieHToB. OHAKO Ke
peleHre THeHOTo U dEPEHIMATEHOTO YPaBHEHHS 2-TO MOPsIIKa

a(t)y”(t)+b(t)y'(t)+clt)y(t)=0 (1)

! Manosko S.T. BBeneHne B TeOpHIO MEXaHUYECKUX KoneOaHuii: YueOHoe mocodue. —
2-e m3n., mepepad. — M.: Hayka. I'maBHas pemakuust (QuU3HKO-MaTeMaTHYECKOH
surepatypsl, 1980. — 272 c.

32



M.JL Jlypve

JAJIEKO HE BCErJa yJacTcs HAWTU JOCTAaTOYHO Ipocto. Ho mbl
3HaeM 00 3TOM YpaBHEHHU OY€Hb MHOIOE: U TO, YTO €ro oomiee
pellleHne MpU MPOU3BOJIBHEIX Koddduuuentax a(t), b(t) u cft)
NOJIyYUTh B KBAaJpaTypax HENb3sd, U OTICIBHBIE CBOMCTBA IJTHUX
HEHANJCHHBIX pELIeHUM, ompenensieMble CBOMCTBaMU (yHKUUN
a(t), b(t) 4 C(t), a TaK)Ke€ HaYaJbHBIMU WM K€ TPAaHUYHBIMU

ycinoBusiMH.  M3BecTHBI O4eHb A((OEKTUBHBIC METOJABI  €r0
MPUOIMKCHHOTO PEIICHUS, HO M B HACTOSIICE BpEeMs MPOOJICMBI,
CBSI3aHHBIC C HUM, JIAJICKO HE HCUEPIain CeOsl.

VYpaBuenue (1) 3aHmMaeT o0coboe MecTO B TEOpUHU
OOBIKHOBEHHBIX (D (HEePEeHIIMATLHBIX YPABHEHUH €IIIe ¥ TIOTOMY, UTO B
HEM OTpa)KEHBI CBOHCTBA OOBEKTOB CaMOM pa3HOOOpa3HON MPHUPO/IBI:
MEXaHMUYECKUX, JICKTPHUYCCKUX, ONITHUYCCKUX U MHOTUX JOpyrux. boee
BEKa TOMY Ha3aJ] MakCBesl YCTAaHOBHJI AaHAJIOTHI0  MEXKIY
MEXaHUYECKUMH W DJIEKTPHYECKUMHU KOJICOATEIbHBIMA CHCTEMaMHU.
OxkazbiBaetcst, MM GepeHIATEHOE YPaBHEHUE

mX +bX +cx = F (t)
BBIHYKJICHHBIX KOJICOaHUN MEXaHUYECKOH OJTHOMACCOBOW CHCTEMBI
(puc. 1) ommchIBaCT OJHOBPEMEHHO W JJICKTPHUYECKUE KOJeOaHUsI.
Ha puc.2 w 3 mnpuBeneHbl OBE DIICKTPUYCCKHE IIEMHU-aHAJIOTa.
CoOTBETCTBHE MEXKIy MEXaHUYCCKUMH U  JJICKTPHUYCCKUMHU
napaMeTpaMu yKa3aHo B TaOJIHIIe.

Mexannyeckas DnekTpuueckas uens | DIeKTpuueckas Lenb
cuctema (puc. 1) (puc. 2) (puc. 3)
Cuma F Hampsoxenne U Toxk |
Macca m Wunykrusrocth L Emxocts C
Koaddurnuent ComnporuBnenue R [IpoBoaMMOCTD
BSI3KOCTHU TpeHus b Emxocts C WuayktuBHOCTh L
[MomatmuBocTh i/C 3apsin [ToTokocuemnienue
IIepememenue X Tox | Hanpsokenne U
Ckopoctb X
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Mp1 paccmoTpuM 310 U pepeHnanbHOe ypaBHEHUE, KOTaa
m=const, b=0, c=const, F() — nepuommueckas
HerapMoHu4eckas (QyHKms. Jlake MpW TakuX YMNPOUICHHUSX OHO
TauT B ceb0e MHOXECTBO MpoOJeM, TPeOYIOMINX CEPhE3HOro
MaTeMaTUIECKOTO aHAIIN3a.

F(t) A — AN |
X R L CI_
~U
q
m
— 0 Puc. 2
~| R C L
c b L T
Puc. 1 Puc. 3
YpaBHeHuUE
mx + cx = F(t) 2)

yaiie BCEro0 ONMHUCHIBACT JIUINb Majble KojeOaHus, MPH KOTOPBIX
OKa3bIBAE€TCSl JIONyCTUMA JIMHEapu3alus BOCCTAHABIMBAIOIIEH
cwibl. OHAKO, K IpUMEpY, OoJbIline KOoJeOaHuss MaTeMaTHIeCKOTro
MasATHUKAa HMMEIOT YK€ HEIMHEHHYI0 BOCCTAHABIMBAIOIIYIO CHILY
R(x)=sinx u mpHBOAAT HAc K NPUHIMIIHAILHO OOIee CIOKHOMY
YPaBHEHUIO
mX +csinx = F(t). (3)
UccnenoBanue ypaBHeHust (3), BBUAY €ro HEIMHEHHOCTH,
MPEJCTABISACTCS 3aa4el YPE3BBIYANHO TPYIHOU. YIpouas ero 10
JIMHEWHOT0, Mbl BMECTE€ C TE€M CYIIECTBEHHO CYy>XaeM JIuana3oH
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paccMaTpUBaeMbIX aMIUTUTY, A7 KOTOPBIX OHO OYJEeT aJeKBaTHO
oTpakaTb HCCIEIyeMylo KoijebaTenbHyl0 cucremy. WHorna

ypaBHeHue (3) ynpomarT 10 BUAa
3
m$<'+cx—c%:F(t), 4

BBIJICTISASI JIMHEWHYI0 W HEJIWHEHMHYIO COCTAaBJISIONINE YIPYrou
cBsi3u. OmHako u nuddepeHnuanbHoe ypaBHeHUE (4) HEMHOTUM
npoule ypaBHenus (3). B o0ieM ciiydyae ypaBHeHHE THIIA

mX + cR(x) = F(t), (5)
OMMCBHIBAET KOJIEOAHWS MHOTHMX TEXHHYECKHMX CHUCTEM. Ero
OTJIMUHUTEIbHAsT OCOOEHHOCTh — HEJIUHEHWHOCTh — SBIIAETCA

OCHOBHOW TPYAHOCTBIO pemieHusd. [loHMMaHue CBOMCTB peLIEHUM
ypaBHeHuit (1) u (5) Bo MHOTOM ompenensieT yCchexX H3y4YeHHUs
aKTyaJIbHBIX ~ MpPOOJEM  HAy4YHO-TEXHHYECKOro  Iporpecca.
CocpenotrounB cBoe BHHUMaHWe Ha JuddepeHurnpoBaHHOM
ypaBHeHHH (2), MbI JOJDKHBI MPEACTABIATh €ro Kak Havyallo MyTH,
BEIYILEro K pelIeHno 0oiee CI0KHBIX BOIPOCOB.

[Ipn u3yyeHUM KojaeOaTeNbHBIX CHUCTEM Ha MPAKTHKE Yallle
BCETO CTAaBUTCA 3a/ladya OTBICKAHUSA NEPUOJUYECKUX PEKUMOB C
NEPUOJIOM BO3MYIIAIOUIErO BO3ACHCTBUS. JTy 3aJady MNOCTaBUM
nepen cobo M Mbl. B peanbHBIX KoJeOaTeNbHBIX CHCTEMax
BO30YXKJIEHUE PEAKO OBIBAaCT TapMOHUYECKUM, IO3TOMY OyleM
CUUTATh F(t) MIEPUOIUYECKON, HO HErapMOHHWYECKOW (PYHKITHEH,

JIOIyCKasi y Hee BO3MOXHOCTh pa3pbIBOB 1-ro poxa. s pemenus
ypaBHeHust (2) pa3paboTaHbl pa3IMyHBIE METOAbL. PaccMoTpum
HEKOTOPBIE U3 HUX, OLICHUBAS MPEUMYILECTBA U HEJIOCTATKUA KaX10r0,
a TaK)Ke aHAIM3UPYS BO3MOXKHOCTHU MX peanu3aimu Ha OBM.
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2.2.  Ilpumenenue  memooa  eapuayuu  NPOU3E0JIbHBIX
HOCMOAHHBIX 01 NOUCKA NEPUOOUYECKUX PEeUleHUIl YPAGHEHU
osudiceHun

Ha npaktuke, cronkHyBmIMCh C aud@epeHInaIbHbIM
YpaBHEHUEM, MbI OOBIYHO CIEIIMM BOCIOJb30BaThCA METOJOM
Pynre-Kyrra, xotopslii oOmamaer Xopouieil TOYHOCTBIO, JIETKO
QITOPUTMHU3HUPYETCS, 1a U UMEETCS B MPOrpaMMHOM 00€CIeueHun
moutu Kaxnaon OBM. OnHako OH HE MO3BOJMUT Cpa3y PpELINTH
MOCTABJICHHYIO 33/1ayy, TaK KaK HEU3BECTHbI HayaJbHbIE YCIIOBUS,
oOecreunBarone NePUOINIECKUN PeKUM KOJIEOaHU ¢ TepruoaoM
BO3MYUIAIOIIETO BO3ACHCTBUS.

Haynem wuccrnenoBanue 3agaud C OTHICKaHHUSA OOIIETO
pemieHust ypaBHeHus (3), UCMONIB3Ys JUIsl 3TOTO METOJ BapHalUH
IIPOM3BOJIBHBIX TOCTOSHHBIX.

Jns  HaxoKaeHus oOmiero pemieHuss ypaBHeHHS  (2)
JOCTAaTOYHO HAWTU €ro 4YacTHOE pPEIIEHUE M CIOXHUTh C OOIIHUM
pEIIEHHEM COOTBETCTBYIOIIETO OJHOPOJIHOIO YPAaBHEHHS; T. €.

c e
x(t)=C, -cos\/%t +C, -sin \/%t +U(t)

rme U(t) — yacTHoe pemenue ypasHeHHs (2), KOTOpoe Oyaem

HCKAaThb B BU/JEC
[c - [c
U(t)=v, -cos Ly, esing ot (6)
m

e V,(t) u v, (t) — nckomble GyHKIHH OT t.

/ /c
vV, -COS t+v2 -sin,|—t

C . c 1
v -cos‘/—t+\‘/ -S|n‘/—t:—~Ft
1 m 2 m \/C_m ()
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Oyukiuu V,(t) u V,(t) onpemenum u3 cucteMbl ypaBHEHHUI

v, (t)- %, +V,(t)-x,=0
0, ()% +9, (1), =

COS" t+V
COS,’ t+V SII’]

Pemas ee, onpenenum

nJIn

vl(t):—ﬁ-F(t)-sin\/%t,
v-z(t):-ﬁp(t)-cos\/%p
():-% ip( )sin\/%gd;

1 t

—E-IF(g)-cos\/%g“d;

V,(t) B (6), mOMy4HM YacTHOE pelIeHue

Honcrapnss v, (t) u

U(t)z—ﬁ-cos %th(g)-sin(§d§+— st71F cosfgdg’
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WIM, BHOCS MHOXHUTEIHM, HE 3aBUCAIIME OT IEPEMEHHOU
MHTErpUPOBaHMsl, 0] 3HAK UHTErpaja:

t):ﬁiF(g)-sin\/%(t—g)d;

O6iee pelieHre ypaBHEHUS (2) OyIeT CIeyIOHM:

=C, cos\/7t+C sm\/7t M )S|n\/7( -£)dg. (7)

[lepemeHHast t BXOIUT B NpPaByI 4acTh 3TOH (DOPMYJBI JBOSKO.
Bo-nepBBIX, t SABIAETCA BEPXHMM IPENCIOM HHTETpajla M, BO-
BTOPBIX, IIOJ 3HAKOM MHTErpaja OHa BBICTYIIAET KaK IapaMmerp,
KOTOPBIM CUNTACTCS IMOCTOSSHHBIM IIPU UHTETPUPOBAHUMU.
PaccmarpuBas neiicTBUE TNEpUOAMYECKOrO BO30YKIAEHHS
F(t)=(+T), Oymem wuckath pemenue Xx=Xx() ¢ Takum xKe

nepuosioM. DTo 03HauaeT, uto X, = X(0)= x(T),

%, =X(0)=x(T), (8)
IBuxenue B mpomexytke oT [0;T], ¢ yuetom (7) u (8)
OIMCHIBACTCS YPAaBHEHUEM

=X, cos\/7t+\/7x sm\/7t Jc_m sm\/7( £)dg . (9)

JUis nanpHEHIINX pacCyXKIeHUN HeoOXOIUMO BBIpaKEeHHE
npousBogHoii o Bpemenu X(t). Ilpu ubdepeHIHpOBAaHKMH TIO
napamerpy t wuHTerpaia, Bxojsmero B (9), Bocmoib3yemcs
cnenyromei popMyIon:

Lﬂf)f(é,t)dﬁ] T eazep 01 (5000 -1 ((0).).

a(t) a(t)
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Takum oOpazom

\/75|nJ7t+J7x0cosJ7t+ IF cos\/7 £)d¢ . (10)

Jliis momenTa Bpement t =T Beipaxkenus (9) u (10) marot

=X, cos\/7T+\/7x sm\/7T+— sm\/7( -{)d¢; o
X(t)z—X0~\/%-Sin\/%T%—\/%-Xo~COS\/%T+%IF(§)-COS\/%(T—§)d§.

F(¢ S|n((T {d{ F [SIH(T cos({ cos(T 5|n(§]
:sinJ%-T]F(g) cos({d( cosJE jF(;) S|n(§d§

0

EF(C) cos((T -{)d¢ = jF (cos\/gT cos(§+5|nJ7T 3|nJ7gj -
_cos\/7 cos\/7§d§+sm\/7 T[F(;)-sin\/%gdg

Tenepb BBCACM COKpPAIICHHBIC 0003HaYCHHUS JJIs1 ITOCTOSHHBIX
BCIIMYHNH:

T _ c T I
_([F(cj)-sm\/%;dgzso, !F(C)-cos\/%fdéﬂo- (12)

N nepenuiem Beipaxenue (11) B Buze

c m . ¢ 1 . ¢ 1 C
x(t)=x, -cos,[—T +,[—-X,-sin,[—T +—==sin,[—T -C, ———=—=cos,[—T -S
R e R A L g
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t)=—x0'\/§sin\/ET +\/E>'<O'cos\/ET +l'cos\/ET'Co+£-sin\/EToSO
m m c m m m m m .

B 11eBBIX 9acTsX 9THX COOTHOLICHHIT 3aMeHeHo X(T) Ha X, U X(T)

Ha X,, KaK 3TO CJIEyET U3 YCIOBHS MEPUOIUYHOCTH PEILICHUN.

OTU COOTHOLICHMSI MPEACTABISIOT COOOM MPOCTYIO CUCTEMY
IBYX anreOpanyecKuX ypaBHEHHIl OTHOCUTEIBHO HEU3BECTHBIX X,

u XO , Pemus €c, HaﬁZ[eMZ
X C, ctg /EI +S, [;
0 2 /— o

; 1 1 /c
Xy :ﬂ' SO Ctga\/%T—Co

Teneps ¢ momotisio (9) MOXKHO OKOHYATENHHO MOJIYUYHUTh

¢ c 1 ¢ . e
[| C,-ct T+S, |-cos,|—T +| S, -ctg=,|—T -C, |-sin,|[—T +T-S, +
(0= = o T, s [T+ 5,05 [T, i [T,

i
. |C
+2JF(§)-S|nJ:(T—§)d§]
0 m
Haﬁz[eHHoe PCUICHUC OIIMCBIBACT ABHIKCHHC B IIPOMCIKYTKC
[O;T], JUIsI HeTro Henb3s (popMmanbHO moactaButh t>T . OmHAKoO,

(13)

umest rpadux  x(t) mwmt  O0<t<T, MOXKHO BCICACTBHE
MePUOJMYHOCTH pelIeHUuss 0e3 BCAKUX HW3MEHCHHUH CMECTHTH
MOCTPOEHHYIO KPUBYIO Ha COCEJTHUE MPOMEKYTKHU:
[T;2T],[2T;3T]....

[lonyunB 53TO pelleHHe, Mbl TOJBKO CEWYac MOIXOIUM K
HeoOxoauMocTy TipuMeHeHnss DBM. [l ero talOynupoBaHus Ha
npomexxytke [0;T] BOBce He CleoyeT HANICHHBIC 3HAYCHHS
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So» Co: Xy, X, MOACTABIATH B (hopMyity (14), ape3MEpHO YCIIOXKHSAA €e.

PazymHO BBeCTH OTNENTbHBIC WACHTH()UKATOPHI JIISI BEIYMCIICHUS STHX
BEJIMYMH, TOJACTaBMB MX IOTOM B pabouyto Qopmymy. JlanHoe
pellicHre  SBISICTCST  TOYHBIM, TIOJTOMY Iar, C  KOTOPBIM
OCYIIECTBJIsIeTCs TaOyIMpOBaHKe, HE BIMSIET HA TOYHOCTH PE3yJIbTaTa.

2.3. Ipubnusicennoe pewtenue ypasnenus osuixrcerusn memooom Qypve

Paccmotpum emie onMH METON pelIeHUsS TOCTaBJICHHOM
3agaun — meton Dypre. DTOT METOJl OCHOBAaH Ha Pa3l0KECHUU

¢ysknuu F(t)=F(t+T) B psg Oypse, rne T — nepuoxn:

F(t) :?+Z(a coszT b, sin Z?nt]

KO3 UIIUEHTHI KOToporo Ol'[peI[eJ'I}IIOTC}I dbopmynamu:

:_IF s—dt n=012,..

2znt

:—J-F i —dt n:l,2,3,..-
3amnucaB ypaBHEHUE (2) B BUJIE:
mx+cx=3+2(a cos£+b i ﬂj (15)
2 = T T

y4TeM, 4TO paccMaTpUBaeMasl CUCTEMa JMHEHHA, 3TO 3HAYUT, YTO
MOXHO OILIEHMBAaThb II0 OTAEJIBHOCTH JEWCTBUE KaXIOTO0 U3
claraeMblX BBIHYXKJAIOIIEH CHJIBI M HAWUTH YCTaHOBUBIIHECH
BBIHY)KJICHHBIC ~KOJIeOaHMsS, a 3aTeM CJOXKUTh TIOJIy4YeHHbIC
pe3yJsbTathl. IlycTh

A)-i—Z(A] cos—+B i @j
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yacTHOe peuieHue ypaBHeHus (15). Haiinem xoadduimeHTs!
A, A, B,, B,. [limst aToro onpexemum U (t):

U (t) _ i(_ph 27N sin 27nt ‘B 27n c0S 27znt)

ry T T T T
s 47r2n 27znt 47°n® . 2znt
=3[ 8,4 i
—= T T T

Haiinenneie Bolpaxenuss U(t) u U(t) mnoxcraBum B
ypaBHeHue (15):

© 2.2
mz[ n cos 27N o Azn? 2”nt]+

T oT? T
+C[AO+Z(A]COSﬂ Bsin@jjz

i 27rnt
+z a, cos—+b bbb
T
I3 NOTy4eHHOTO PaBEHCTBA UMEEM:
C- Ab —E
2
-m-A -n —+c A =a

2
—m-Bn-nz-L}r—ZH;-Bn:bn

Otcroma
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1 a,
A _El— 47°n? m
T? ¢,
1 b
B, = n
"c _47z2n2m
T? ¢
CrnenoBaTelbHO
27nt . 2znt
1l a & ancosT+bn5|nT
X(t)== _0+Z 2
c|l 2 >, 4z m
1-n —
T? ¢

TaxuM 06pa3oM, HaIMYUE HETAPMOHUYECKOTO BO30YKICHUS
F (t) mpuBeso K MOSBJICHUIO B pelIeHHH X (t) GECKOHEUHOro 4ucia

rapMoHuK. U naxe Te U3 HUX, KOTOpPbIE IIPU PA3IOKEHUH PYHKIIUU
F(t) B pan Pypbe UMeIH CPAaBHUTEILHO HEOOJBIIYIO aMIUTHTYLY,

MOTYT BbI3BaThb B KojeOaHHM X(t) aMIUIMTyZy HEOrpaHHYCHHO
0O0JIBIION BEIMYUHBI, €CJIM TOJBKO Macca M M XKECTKOCTh C MpH
OTIpeIeIEHHOM N OKaXKyTCsl COOTBETCTBYIOIIMMH PABEHCTBY

27rn_ o

T m -

Hanuune OeckOHEYHOT0 YHClIa PE30HAHCHBIX PEXKUMOB
POJAHUT JaHHYIO CHUCTEMY C MHOT'OMAacCOBOHM KoJyiebaTenbHOM
CHUCTEMOM M CHUCTEMOM C paCIpPENEIECHHBIMU IapaMeTpaMu.
Meron @ypbe MO3BOJSIET 3TU PEXKUMBI JOCTATOYHO MPOCTO
OTpeaeauTh, YTO CIOXKHEE CHejaTh CIOCO00M, H3II0KEHHBIM
BBIIIE, WIM MYTEM YMCIEHHOI'O pelleHus ypaBHeHHs. K guciy
€ro JIOCTOMHCTB, €CJIH PeYb 3aXOJUT 00 HMHTEPECYIOIIMX Hac
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MEPpUOANICCKUX pexumax, ciaenyer OTHECTHU TAKXC
BO3MOXHOCTb MOJIY4YCHHU A 9TUX PEXKUMOB oe3
npeaABaprUTCIbHOIO BBEIYUCICHUA COOTBCTCTBYIOINX HAYaJIbHBIX
YCJIOBHI;'I. OTH HadaJbHBIC yCJI0BUA BBIYHUCIIAOTCA

aBTOMAaTUUYECKHU IO MEpPE CyMMHUpOBaHUA pelieHus. B kauecTe
HenocTtaTka Meroga @Pypbe MOXKHO OTMETUTh €ro cialyro
cxoauMocTb. OJOHAKO B OTAENBHBIX CIydasgxX d3Ta TPYAHOCTh
MOET OBITh MpeoJioyieHa 3a cueT Bo3MoxkHocTeil OBM. Tem He
MeHee, pacnoJsiaras coBpeMeHHbIMM OBM u cTpemsach B3STh
quciao ciaraeMbix psaa @dypbe HCKIIOYUTENBHO OOJIBIIUM B
ompejeeHHBIX (M BIOJIHE peaibHbIX Ha MPAKTUKE) CUTYyalHusX,
MBI MOXEM JIMIIb CYLI[ECTBEHHO CHU3UTh TOYHOCTh pe3yjbTaTa.

2.4. Onepayuonnviit. memo0 HAXOHCOCHUSA NEPUOOUUECKUX
Konebanui

Eme oawn wmeron, mo3Boisoomui 3(HPEKTHBHO pPEIIUTH
3a/layy O HaXOXJCHUW MEePUOAMYECKUX KoJeOaHUW ¢ MepuooMm
BO3MYIIAIOIIETO BO3JIEHCTBUS, — ONEpallMOHHBIN. OH TMOJIYYHIT CBOE
000CHOBAaHHOE Pa3BHUTHE JUIIL B HalIeM cToneTnd. Eciau GyHKIus

F(t) B IpoMexyTKe OJHOr0 HEePHOAA COCTOUT U3 GOJIBIIOro YKciIa

3BEHbEB, KOTOpPBIE  3aJalOTCI  pa3HbBIMH  AHAIUTUYECKUMU
BBIPAKEHUSIMU, TO TPUMEHEHHE 3TOr0 METoJa TO3BOJIIET 0e3
MBIUIIHUX YCIOKHEHUM OCYIIECTBUTHh peElIeHHe 3aJadyd U B
KOMITAKTHOM BHJIE€ 3alucaTh OKOHYaTeNnbHbIM pe3ynbrar. C
nmoMoIel0 npeoOpa3zoBanus Jlammaca mepeiiieM OT JaHHOTO
ypaBHEHUs (2) K ONEpaTOPHOMY YPABHEHHUIO:

v(p)

m(pzi—xop—xo)+c¥=1_eq_p
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re X(p) = x(t), % = x(0), % =% (0),

F(t), 0<t<T
0, t>T.

(p=0()- |

Takum oOpazom,

- 1 w(p)  mx,p+mx, T
x(p) 1—e‘T"[mp2+cJr mp® +c¢ ( ° )
NN
_ (p)
X(p):m y (16)
rae

V() P ey
(p) mp2+cJr mp?+c ( ° ) (o()
Opurunan x(t), cooTBercTByrommii u3o0paxenuto (16),

OyneT mepuoauveckor (QyHKIMEW C MepuoJoM T TOJIBKO TOTa,
KOrza

p(t)=t mpu t>T, a7

npudeM X(t)=¢(t) B wuHTepBane O<t<T. 3Haunr, LIk
ONpE/ENCHNsT MEPHOAUYECKOro perueHns X(t) B HPOMEKyTKe
O<t<T HyxkHO u3 (16) Halitu @(t) mBaxmsl mpu t<T u mpu

t>T, a 3arem wu3 ToxzaecrBa (17) omnpeneauTs METOIOM
HEOTPEJICICHHbIX KOA(P(UIIMEHTOB X, U X, (T€ HaYaIbHbIC

YCIIOBHS, IPU KOTOPBIX YypaBHEHHE (2) MMEET NEepPHOIUYECKOE
penieHue).
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IIpu t<T nmeem:

\/_JF sm( d§+x0cos\/7t+\/7x S|n\/7t (18)

IIpu t >T nmeem:

1 - [c JT? VF;
9=——|F(<)sin,[—(t—-<)d +x,| cos,|—t—cos,[—(t—-T
L (€2 s con [St-aon E ()«
c c
—X, | sin,|[—t—sin t-T
el frmfEen
WIN
t t
sin \/EtIF ({)cos\/zgd —{cos\/EtJF(g)sin \/Egdmxo\/ﬁcos\/zt(l—cos\/ET]—
ms m ms m m m
—xo\/ﬁsin Jgtsin \/ET +X,msin Jgt[l—cos\/ETjJrXOmcos\/Etsin \/ET =0
m m m m m m
N3 3TOro0 ToXKaecTBa cieayer, uTo
t
xO\/mc[l—cos\/ET}rXOmsin\/ET IF S|n\/7§d§
m m
c t c
X, M sm\/7T xm(l cos\/7J IF sm\/:gdg”.
m 5 m

(19)

1 O
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Orcrona, eciin T ¢2—”Cn,

B

X, = 1 j'F(g)cos\/E[g—TEjdg,
2\/_sm \/7 m

m

1t et Ol 2

o /m .
HO)ICTaBJ'ISISI HaWJCHHBIC 3HAYCHUA X, U ,|—X, B BBIpAXKCHHUE
C

MOy YUM:

(18), momyunM HCKOMOE MEPHOTUUECKOE PEIICHHE B MPOMEKYTKE
O<t<T:

>
—~
—
N—
Il
?\‘
(ep]
o~

F(g)sinJ%(t_;)dgmiug)m([ il j;

27N

Ecmu T =———, To ToxnectBo (19) mpumet Buj

f C
m

27xm

F({)sin\/%(t—(f)dfzo.

O t——3 B

47



Te sopuecKue 3a0aHust Oisl yuauuxcs npoqbebeLx e€CmeCcmeeHHO-MamemamudecKux
Kniaccoe no MO&@]ZZJPO@CZHL{IO KoebamenbHbix npoyeccos

CrenoarensHo, ecnn F(t) yooBieTBOpSET IIOCIEIHEMY

TOXJIECTBY, TO MPHU JIOOBIX HAYaJbHBIX YCIOBUAX ypaBHEHUE (2)
OyJIeT UMETh MEPUOTUIECKOE PEIICHHE:

x(t):ﬁj‘F(g)sin %(t—g)d§+xocos\/%t+\/gxosin\/%t

27n
IpuYeM O<t<Z

C

m

PaccmarpuBas pa3imuuHble METO/BI PELIEHU OJJHOTO U TOTO 7K€
ypaBHEHUs, Mbl yOexxaaemMcsi B TOM, 4YTO CpEId HHUX HeET
UCKJTIOUYUTENBHOTO, YHUBEPCAJIBHOTO, CIOCOOHOIO pa3pelIuTh BCeE
BOIPOCHI, HMHTEpECYIOIIME HWHXKEHepa. Bor mouemy, mnpucrymas K
AQHAIN3Y 3a/1a4y, HAZ0 YMETb NPEABUICTh PE3YyJIbTAT, KOTOPbIA MOMKET
OBbITh JOCTUTHYT TEM WJIM UHBIM METOJOM. [ 3TOro Hy’>KHO BIajeTh
MaTeMaTHYEeCKOH MHTyUIMeH, 00Ja1aTh MaTeMaTHYECKUM KPyTro30pOM.
Ceiiyac y»e HEIOCTATOYHO 3HATh O NMPUHLUIHAIBHOW pa3pelMMOCTH
3a7]a4i, BaKHO IIPEICTaBIIATh, KaK MaTeMaTH4eCKOE PELICHUE MOXKET
ObITb HCIOJIb30BAaHO HA IIpaKkTHKE. MareMaTuyeckoe MBbIIUICHUE
MH)KEHepa JOJDKHO ObITh a/IalTHPOBAHO K BO3MOXKHOCTSIM DBM.

2.5. Omuvickanue nepuoOUUECKUX PEHCUMOE  C80DOOHBIX
HeTUHeUHbIX KoNleOanuil

PaccMoTpum JIOTIOJIHUTELHO nuddepeHnuanbHoe
ypaBHEHUE
mX+CcR(x)=0. (20)

Ono ompezaensier cBoOOAHBIC KOJcOaHUS OJHOMACCOBOM
MEXaHUYECKOM CUCTEMBl C HEJIMHEWHOM  XapaKTEPUCTUKOM.
Bo03M0XHOCTB €ro peiieHus: oueBuaHa.
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JleicTBUTENBHO,
dt dxdt dx
Torma ypaBHenue (20) mpeoOpa3yeTcssi B  YpaBHEHHE C

pasaCIArOmMruMHCAa ICPEMCHHBIMMU

m)'(%'FCR(X) =0
dx

NIn
m-x-dx=—c-R(x)
HPCHHOHO)KI/IM, qTo B HaqaﬂbHBIfI MOMCHT BpCMCHI/I

JIOCTUTAeTCs] HauOOJbIIee OTKIOHEHHWE CHCTEMBbl OT TOJIOKEHUS
paBHOBeCHSA X, = A, ipu 3ToM X, = 0. [lomyunm:
X X
mjx-dxz—cIR(x)dx
0 A
WIH
SN
m—:cIR(x)dx (21)
2 X
OTO paBEHCTBO BBIPAKAET 3aKOH COXPAaHEHMs 3Hepruu. M3
BhIpakeHH (21) momydnm:

A
X=%=— /2 R(x)dx
dt m s,

3HaK «MUHYC» BBIOpaH IIOTOMy, YTO B PacCMaTpPUBAEMOM
UHTEpBaje IBWKEHUS (EPBBIA MONYNEPUO KOJIe0aH s) CKOPOCTh
X(t) orpumarensHa. JlanpHeiiiee — MHTEIPHPOBAHHE — JaeT

f dx f dx
clenyroliee peureHue: t = —j =

“\/fnCIR(x)dx Iancjre(x)dx
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OpHako moJyb3a OT TaKOro peleHus JJIsl MPaKTUKU npu3padHa. Ejpa
T KOTO-TO U3 MCCIIEIOBATENEH 3auHTepecyeT (DYHKIMS BpEMEHU t OT
NepeMeIlleHns X, HWHTepec NpeacTaBisier oOpaTHas ¢(yHkiums. B
JyYIIEM Clly4yae, aHAJUTHYECKMMU METOJaMH YJaeTcsl ellle HalTh
NepuoJ| KoJieOaHU OJHOMACCOBOW CHUCTEMBL €CIHM XapaKTepUCTHKA
BOCCTAHABJIMBAIOIIIEH CHWIbI SIBJISIETCS HEUETHOW (DYyHKLIMEH, TO BpeMs
repexo/ia CUCTEMbl U3 KPallHeTro MOJIOKEHUS X, = A K MOJI0)KEHUIO

PaBHOBECHUA COCTABUT YCTBECPTH ICPHUOAA. CHC}IOB&TGJ’IBHO,

B oTnenbHBIX CllydasX MHTErpajbl TAKOTO BUAA CBOJATCS K
aumnTrudeckuM. OJIHAaKO, dYalie BCero, JJii WX BBIYMCICHUS
TpeOyroTCss 4McIeHHbIe MeTonbl. OCHOBHAs TPYAHOCTH PAacyeTOB
COCTOHT B TOM, YTO TaKH€ WHTETPAIIBI SBJSIOTCS HECOOCTBECHHBIMHU
BTOpOro poja. IIpu JOCTaTOYHO IKECTKUX XapaKTePHUCTHUKAX
YIPYTOW CBSI3U TPYIHO JOOUTHCS HEOOXOAMMOMN CTETICHH TOYHOCTH
NpuOIVMKeHHBIX BblunciaeHnid (OBM, kak mpaBuiio, OBICTPO
JOCTUTAET «IEPETIOJIHEHUSD TPU BBIYUCICHUH TOJBIHTETPaTbHON
¢byHkmM). B TOpUKIamHBIX pacdyeTax OKa3bIBAlOTCS  OYCHb
3P PEKTUBHBIMUA METOBI YIYUIICHUS CXOJIUMOCTH HECOOCTBEHHBIX
uHTerpaigoB. OJWH W3 HHUX COCTOMT B ClenyromeMm: (yHKIUs,
CTOsIasl TOJ] 3HAKOM KOpHS B JaHHOM HHTerpaie, mpu X=A,
paBHa Hymo. OOBIYHO 3TOT HYJb SIBISIETCS MPOCTHIM, TMOITOMY
byHKIIHIO

MOJKHO IMPEACTABUTL B BUJC

f(x)=(x-A)g (x)
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Trac

Torna
P b +A i A +A f 1
l\/f(x)_l\/f(x) ,{\/x A)g J\/f X ,{\]x A)g j\/f \/x A)g(A)

rae A J10CTaTOYHO 6JII/13KO KA.

dx

B mnonydyeHHOM paBEeHCTBE IIEPBBIM HMHTErpajl SBISAETCS
ONpeeNIEHHBIM M MOET OBITh BBIYMCIEH C MPUMEHEHUEM

NpUOIMKEHHBIX ~METOJ0B, BTOpOM — HecoOcTBeHHbIH. Ero
BBIUMCIICHUE HE  BBI30OBET Tpyda. [perbuM  CllaraéMbIM
npeHeOperaem.

W, tenepw, HakoHel, 3Has mepuoj KojebaHuili T, MOXKHO
OPUCTYNUTh K YHUCICHHOMY pelieHuto ypaBHeHus (20) mnpu

HavyanbHeIX ycuaoBusix X(0)=A %(0)=0. DOro u mHO3BOIMT
MOJIYYHUTh HE0OX0oquMYyI0 GyHKIMIO0 X(t).

CpaBHHTeHLHBIﬁ aHaJIn3 CIIoco0oB peain3daiuu
MaTEMaTHYE€CKOU MOJICIN Ha KOHKPCTHOM IIpuMcepe
IEPpUOANYICCKOT'0O HETaPMOHUYICCKOI'O BO3JCHCTBUS.

2.6. Ykazanusa K éblnojiHeHuIo 3a0aHuil
IIyctp
m-X+c-x=F(t)
t, O<t<l
uF (t) = T=2
1 1<t<?

Pemum »10 nmuddepennmanbHoe  ypaBHEHHE METOJIOM
BapHUaIluu IPOU3BOJIBHBIX MTOCTOSHHBIX.
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W3 BBIIEU3I0KEHHOTO CIcayCTr, 4YTO IIPpH Ha4YaJbHBIX

YCIOBHAX
fc
X C,ct T+S, |,
0 2 [_|: g m 0:|

; 1 1 ]c
X0 :%{Soctgg\/%-r —CO:|

ypaBHEHHE UMEET NEPUOIUUECKOE PEIIeHUE C IEPUOIOM T :

xocos\/7t+\/7xosm\/7 IF sm\/7t )d §.

Haiinem HauanbHble YCIOBUSL X,, X, W THEpUOAMYECKOE
peenue X(t ) paccMaTpuBaeMoro ypaBHEHUs (2) MpHU 3aJaHHOM

q)yHKuI/H/I F(t). IIpensaputensHo BeraucauM C, u S,

cos({d{ {cos({dﬁ cos({dg— cosJ:——+(sin2J%
SO:]'F(g) sm( §3|nJ7§d§+ sm({dg’——an:—\/:cosZ(

ﬁ 1(
20 2c 22)

X, =
o 2c 2\/
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IIpy HaliICHHBIX HAYaIbHBIX YCIOBHAX pemreHue X(t) s

0<t<1 OyaeT uMeTh BUI:

fc fm . fc 1 ¢ . [c
=X,-C0S,[—t+,/|— %X, -Sin,[—t+—|c-sin,[—(t—c¢)dc =
0 m c o m '_mc-([g m( g) S
= X, - COS /£t+ /m-(xo—ljsin /£t+lt,

m c c m ¢

amng l<t<?2:

1 t
- d d
t)=%,-cos,| t+/ X, sm/ “t+ mc{ §S|n §+flsm«/m( ) 4
1 m
=X cos’ t+f [x - sin +E{1+ . sin }

Takum 00pa3om, mMpu HayadbHBIX YCJIOBHSIX (22) mmeercs
peleHue ¢ nmepuogomM T =2:

el et v
v ool on n) v

Bocronb3yemcst Tenepp pas3nokeHHeM MpaBOi 4acTH B Pl
®ypse. Koapduunentsr pasnoxenus F (t) uMeror BUL:

%I Blo

E]F dt_jt dt+j1dt_§
TS 2
.
a, =$! F (t)-cos@dt = !tcos;rntdt+]1'1-c037mtdt = ﬂzlnz [(—1)n —1}
T 2
b, =E~IF(t) sin ZLdt—jtSinﬂntdt+Il'Sinﬂntdt=i
T T ) n
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CnengoBateiabHO,

PemnMm Temepp naHHOE ypaBHEHHE ONEPALMOHHBIM METOIOM.
OYyHKIHNIO
t, O<t<l],
F(t)= T=2
1 1<t<?2,

MOXHO TPEJICTABUTH B BUJIC
F(t)=t-n(t)-(t-1)-n(t-1)-n(t-2); 0<t<T

Ota ¢yHKOMS C ydeToM Imepuoda | =2 WHMeeT CIeAyIoIIee

U300pakeHHeE:

- . - 1 1 1 , 1 _
m-(p*-X(P)=% - P=X(p))+c-X(P) =1 -(F—F-e e ij

Pemenne onmepaTopHOTo ypaBHEHUS MOXHO IPEJICTABUTH B
CJICIYIOIEeM BHUJIE:

1 11 m 1 e_p_[llm 1jle_zp_ 1
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ITycte ®(p)=¢(t), Torma

:—tn ——-J:-SIH(tn ——t 1)-n(t- 1)+%
—Lm[l—cosJg(t—Z)J-n(t—Z)HO-cosJEt-n(t)eroJ:sm
—xocosJ7t2t2 (sm(tZtZ

Jus 0<t<2  o(t)=x(t),ampu t>2  ¢(t)

-sin, [=(t-1)-n(t-1)-

Iaﬁ
%%

t-n(t)

0.

Taxum obpazom, ipu 0<t<1

ot oo ff
B

il e o

e Fofnmfo i ]

3 l\)ll—‘
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IIpu t>2

1.1 m . Jc, 1 1 /m . |c 1 c
t)=0=2 t—=- [ sin, [t == (t=1)+ = | sin |— (t-1)+ =+ 1-cos, |~ (t-2
o(t) - CJ:st; C( )+CJ:st;( )+C cosJ;( )|+
c. . Im . ¢ c CIm ¢
+x0-cos\/%t+x0-J;sm\/%t—xo-cos\/%(t—z)—xo\/;ﬂn\/%(t—z).

Onpenensisi U3 MOCJIEIHEr0 TOXJAECTBA 3HAUYEHUSI X, U X,

C
MOJTyYuM, €Cliu 7N # ,[— , BeIpaxkeHue (22).
m

Takum oOpa3om, momydaercs, 4TO 3aJaHHOE YpaBHEHHUE
MMEET MEPUOJUYECKOE PEIIEHHWE C NepuojoM [ =2 1pu
HaYaJIbHBIX YCIOBUSAX (22).

3TO pelieHne UMeeT BU/:

Xy cos\/7t+\/7[ ——j3|n\/7t+1t O<t<l
Xy - cos\/7t+\/7( ——j5|n\/7t+ 1+\/73|n\/7t 1 1<t<2.

Kak CJICAYyCT U3 aHaJIn3a PCHICHUA, I10JIy4acMOI 0 JIFOOBIM U3

’ C
TpEX ONMHMCAHHBIX METOJOB, IIpHU 7N = ,|— HACTYHaeT PC30HAHC.
m

BriBOa

Takum 00pa3oM, pacCMOTPEHBI Pa3IMYHBIE MaTEMaTHYCCKUE
MOJIEJH 33/1a4H O TIEPHUOIMUECKUX KOJICOAHUSIX U OIPE/ICIICHBI ITyTH MX
pemenns. Kaxnmass #3 yKa3aHHBIX Mojzelell o0magaeT CBOMMU
MPEUMYIIECTBAMU M HeAocTarkamu. Kak mpaBuiio, YCIOXKHEHHE
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MOJIENTN MO3BOJISIET AOOUTHCS 00JIE€ BHICOKOM TOUHOCTH, MOMYYaeMBIX
pe3ynbratoB. Ho sTa OGosiee BBICOKasi TOUHOCTh HE Bcerza ObIBacT
BocTpeOoBaHa. CHenuaaucTy MO TNPUMEHEHUI0 MaTeMaTHYECKHX
METO/IOB HEOOXOMMMO KAaKIBIA pa3 HAXOAWUTh ONTUMAaIbHOE
COOTHOUIIEHUE MEXKAY CIOKHOCTBIO MOAEIM M JIOCTUTAeMOM
TOYHOCTBIO pe3ynbTata. [lpm 3TOM ciedayeT ydYuThIBaTh, 4YTO
MOTPEITHOCTH TPHA PEIICHUH 33/1a4d BO3HUKAIOT HE TOJBKO TPH
TIOCPEJCTBEHHOM — peanu3allid  MOJIeIM, HO W caM  IpOLecc
MOJICTTUPOBAHUS BHOCHT OTpyOJIeHHE TpU ONHMCAHWU TEXHUYECKOH
CHUCTEMbl ~WIM  Tpoliecca. MareMaTuyeckoe  MOJIEIMPOBAHUE
W3HAYaJbHO  TpeOyeT BBICOKO  YPOBHS ~ MaTeMaTHUeCKOW |
€CTECTBEHHOHAYYHOM KyJbTYphl, T. K. TIPOLECC MOJECIUPOBAHUS
pelleHrs 331a4d TIOCTOSIHHO TPeOyeT COIMOCTAaBICHUH U COBMEILIEHUI
npescTaBlieHnit 00 0OBEKTe MCCIEIOBaHMs HA YPOBHE TEXHUYECKHX,
oOIlleHay4YHBbIX M MaTeMaTUYecKuX 3HaHui. Bce 3T0 mpuBOmUT K
HEOOXOAMMOCTH  pa3paboTKU  TUIAKTMYECKUX  OCHOB  Kypca
MaTeMaTu4eckoro MOJICIMPOBAHMSL Ha BCEM Iepuojie OOyueHHs,
HauuHas ¢ MpoQWILHOM IIKOJBI 10 OKOHYaHWS By3a U TIIPH
HOCJICAYIOIIMX 3Taax caMooOpa30BaHMUsI.

2.7 3a0anus

1. IIpugecmu npumep peanvHoil MEXAHUYECKOTL
KOHCMpPYKYUW U  31eKMPUYECKOW CUCHIEeMbl, Ol  KOMOPBbIX,
COOMBENICMEEHHO MeXaHU4ecKue u 31eKmpuieckue KoneoaHus
Moz Obl Gbimb onucamvlt ypasHenuem muna MX+cx = F(t).

Ykazamo, kax mexnuuecku Mmodicem  Obimb  PeAIU308AHO
Mexanuueckoe u eKkmpuueckoe 6030yicoenue no saxony F(t).
3aoame  mexanuueckue u  INeKmpuueckue - NApPAMempbl

KoJleDamenbHblX  cucmem  maxk, 4Umoovl  RNPoOUCXOOAUiUe
Koneoanus ovlau mMaol.
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2. Haumu nepuoouueckue konebdamus c nepuooom T
npu  6o30yyucoenuu  F(t), coomeemcmeywwem Bawemy

eapuanmy, cie0yiouumMu Memooamu:

a) Memooom eapuayuu nPOU3801bHbIX HOCHOAHHBIX;

0) memooom Dypuve;

8) ONepayuOHHbLIM MEMOOOM;

2) KaKuM-1u00 4YucjieHHbIM MemoooM.

Pe3ynomamut pacuemos ecemu memooamu npeocmagums 6 euoe

epagpuxos ynkyuir x(t) u x(t) na npomescymre epemenu [0;T].
3. Onpedenums  pexcumvl Pe3OHAHCA U  «OUEHUID).

Hccneoosamsy enuanue napamempog KoiedamenbHOl CUCHEMbl

Ha amnaumyono-uacmomusie xapakmepucmuku X(t) u X(t).

Ilonyuennsvie pezynvmamol npedcmaeums 2pagpuuecku u 8 euoe
UHMEPRONAUUOHHO020 MHO20Y1eHa Jlazpanirca.

4., Hatimu nepuoo c60000HbIX HEIUHEUHbIX Ko1eOanuil
npu xapakmepucmuke R(X), coomeemcmeyoweit Bawemy

sapuanmy. Haiimu x(t) u X(t) na npomescymxe ¢ ooun nepuoo

Kakum-aubo 4ucieHHolm memooom. Hccnedosamv enuanue
HAYAIBHBIX  YCNIOBUIL HA  NEPUOO  C6ODOOHBIX  KOJIeOAHUIL
Pe3ynemamer  npeocmaeumv  pagpuuecku  u 6  6uoe
UHMEPRONAYUOHHO20 MHOZoUIeHa Jlazpaniica.

5. Chopmynuposams 603MOJCHbBIE npakmuyecKkue
PeKomMeHoauuu Ha  OCA3AHUU  NPOBEOEHHBIX  UCCe006aAHUIL
KonebamenvHozo npouecca. Pezynomamul pacuemos odonyckarom
nozpewinocmy He oonee 1%.
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Te sopuecKue 3a0aHust Oisl yuauuxcs npoqbebeLx e€CmeCcmeeHHO-MamemamudecKux
Kniaccoe no MO&@]ZZJPO@CZHL{IO KoebamenbHbix npoyeccos

) R(x)=x° +— 12 F() R(x):x—+x
3

ﬁf/

0 0 'II' 2T 't

13 | ARt _ e, x (14 F(t x°
(t) R(x)=x +§ (® R(x)=?+2x

o—T 7 2T 1 T T 2T t
2 2
15 AF(t) R(X)zx—5+X3 16 AF(t) R(x): 5 +X_3
\ : \
o0& 7 ot |9 T 2T t

17 | 4F@) R(x)=2x"+3x* |18 AF(L) | R(X) |=3X5 +2X

o—t T 2T 1
19 3 20
AF(t) R(X) X ey R(X)=x"+x’+X
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21 AR R(X)=3x"+7x | 22 | AF() R(X)=3x5+x_3+2x
. / 2

0 t: 1 : | > i M >

I T R L s

2 pp@) ROO=2C+x |24 1 AR®M R(X)=3x+2x +x

T T 2T 1 o :R:2T>
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